other q-functions disappears when 1 q = . This definition originates from the raising of probabilities to the power q [8] , but it does not utilize the symmetry of the real numbers about zero.
Moreover, the physical interpretation of what the q parameter represents has remained obscure. These conceptual difficulties are eliminated by a simple translation. In the expressions for q-Gaussians and q-algebra, the term (1 ) q − appears frequently. By an explicit translation of the current parameter, either ' 1→ − or equivalently 1 '− → , the q-algebra is made symmetrical with the real numbers and the physical significance of q-statistics can be related directly to the nonlinear coupling strength. This convention is used in [9] and will be expanded upon here. In the remainder of the paper the original parameter of q-statistics is denoted by ' q to distinguish it from the proposed translation q . This simple, and by first appearances unremarkable translation, has non-trivial consequences.
First, the generalization is now centered about the natural symmetry of the real numbers, so for 0 q = , the q-Gaussian is the familiar bell-shaped Gaussian. This symmetry about zero makes it possible to express the fundamental equations of q-statistics and q-algebra without burdensome numerical constants. The structure of the simplified q-algebra is introduced in Section II and detailed in Appendix A. In section III the mathematical symmetry is utilized to define a conjugate dual between heavytail and compact-support distributions.
This important relationship is used to extend and improve the definition of the q-Fourier transform in Sections IV and V. Most significantly, the proposed variable q emerges as a direct measure of the nonlinear coupling in the statistical system, which is discussed in Section VI. Thus the simplification of the q-statistic equations leads to symmetric mathematical relationships and a stronger connection to physical principles.
The Relationship between Tsallis Statistics, the Fourier Transform, and Nonlinear Coupling Kenric P. Nelson and Sabir Umarov T II. PRELIMINARIES Tsallis [8] showed that raising probabilities by a power leads to a nonextensive generalization of the BoltzmannGibbs-Shannon entropy function relevant to the thermodynamic properties of nonlinear systems. Further developments in this field have led to a q-algebra [10] , which encapsulates the nonlinear relationships in q-statistics in a form which provides analogs to basic mathematical relationships. The building block for the q-algebra is the qexponential function and the q-addition which defines how the exponents of q-exponentials are combined. However, the current expression for these two functions suffers from the need to include 1-q in the definition. As currently expressed, the q-exponential is 1 (1 ') 1 (1 ') ' (1 (1 ') )
(1 (1 ') ) 1 (1 ') 0 0 1 (1 ') 0 and there is no nonlinear coupling, but as q increases so does the coupling between the variables. Negative values of q are associated with a 'decoupling' or anti-correlation between the variables. A full description of the translated q-algebra is provided in appendix A. A simple illustration of the utility of the q-exponential function is that it is the solution for the nonlinear differential equation [8] 
The solution to this equation is 1 (1 ) ty e qt − = = − . For 0 q = , the differential equation is linear and its solution is the exponential decay function. For 0 q > the nonlinear coupling increases the rate of decay. Instead of decaying to zero as t → ∞ , the solution "decays" to zero at the finite value of 1 q t = . This faster-than-exponential decay is referred to as 'compact-support' if the negative values beyond the zero-root are truncated to the value zero. For 0 q < the nonlinear coupling decreases the rate of decay. The solution now decays at a slower-than-exponential rate, referred to as a 'heavy-tail'.
The nonextensive entropy function provides a starting point for interpreting the proposed translation of the q-parameter. , where q is the translated parameter of q-statistics, and the natural logarithm is recovered as q approaches zero. Using the generalized logarithm, the nonextensive entropy is defined as
With the translated nonextensive entropy function, the power of the probability is 1 q − . The one represents the probability required for the average, and the negative sign is due to the 'surprisal' being the inverse of the probability, and the nonlinear coupling term q follows from the generalization of the logarithm. The defining expression for nonextensive entropy, which relates the q-entropy for two independent systems A and B, now has the nonlinear term scaled by q
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Using the escort probability with a power of 1-q as a constraint leads to the q-Gaussian distribution as the maximum q-entropy solution [11] . The escort probability is defined as
Further insight into this form of the escort probability is possible by multiplying the numerator and denominator by all of the non-zero probabilities raised to the q-power
where n is the number of states and m is the number of states with non-zero probability. Here the escort probability is expressed to show that the statistical properties of the i th state of the nonlinear system include the nonlinear coupling via q to all the other states of the system with non-zero probability. The numerator is expanded to further illustrate this expression [ ]
In this form, the numerator of the escort probability explicitly includes the nonlinear coupling between all the states of a system.
The denominator normalizes this expression. Because of the significance of nonlinear coupling and its explicit expression in this probability distribution, the raising by the power 1-q and renormalization of a probability distribution will be referred to as the coupled probability distribution.
In continuous variables, the coupled probability density function and the generalized entropy are
The q-mean and q-variance of a random variable X are defined using the coupled probability density function
Reference [12] includes a development of the all the qmoments for arbitrary densities. The maximum of the qentropy with finite q-variance is the q-Gaussian 
Thus, the q-Gaussian has its origin in the nonlinear coupling of statistical states, as defined in the coupled probability density and the generalized entropy. For positive values of q the nonlinear coupling between the states strengthens the decay, resulting in a distribution with compact support. In this case, the probability is zero for q < − the classic variance is divergent, but the qvariance is finite. Beyond 2 q < − the distribution can not be normalized; i.e. q C is divergent.
The arguments of the gamma function within the normalization term are related to a sequence of q values which were defined as a property of repeated application of the qFourier transform [13] . Here we show that the q-sequence is also related to the derivative and integral of q-Gaussians. The derivative of the q-exponential is
The power 
The integral of the q-exponential has the following form ( 
The expressions for the derivative and integral of the qGaussian are complicated by the 2 x term in the exponent. Rather than develop the full form, it is sufficient for the current discussion to note that the n th integral (excluding the integer polynomial) and the n th derivative of the q-Gaussian have the following relationship q α -distributions [6, [8] [9] [10] ( ) 
The clarity of the translated expression for the q-sequence simplifies the establishment of many important relationships within the q-algebra. For example the normalizing coefficient for the q-Gaussian q C can be expressed as ( ) 
The normalization can be simplified in other ways by applying the relationship ( 1) ( ) x x x Γ + = Γ :
III. CONJUGATE PAIRS OF HEAVY-TAIL AND COMPACT-SUPPORT Q-GAUSSIANS
The q-sequence can be used to define a mapping between the heavy-tail q-Gaussians, with -2 < q < 0 and the compactsupport q-Gaussians, with 0 < q < ∞. For guidance in this mapping, first consider the Fourier transform for a power-law function, which the heavy-tail q-Gaussians approach asymptotically as x goes to infinity. For -2 < q < 0, the tail of the q-Gaussian approaches a power-law
The Fourier transform of a power law is also a power law with the following form [14, 15] 
The inverse of the conjugate is the same function:
The q-conjugate of a function is determined by applying the q-conjugate to each of the q parameters of the function. However, care must be taken if the conjugate is applied to the value k q ± . A broader hat will be used to clarify that the conjugate includes the sign and the sequence value.
Definition 2 The q-conjugate for k q ± and the inverse are
This notation is required to contrast with the n th sequence of a q-conjugate. The n th sequence value of a q-conjugate is
When applying the conjugate to a q-function care is needed to apply the conjugate to the same q-sequence value throughout the function.
X be the set of functions which depend on k q . Then the q-conjugate operator and its inverse are defined as
:
For ( ; )
A set of conjugate q-Gaussian pairs with C is determined from (22) ( ) ( ) ( ) ( ) ( ) ( )
The ratio between q C and q C is
This ratio also holds if 0 q < < ∞ and is thus definitive of the integrals of complimentary heavy-tail and compact-support q-Gaussian functions. Figure 3 shows both normalization constants as a function of their respective q values and their ratio. The normalization terms in (30) are equal if the variance of the q -Gaussian function is relationship between the q-conjugate and the degree of freedom. In Section VI the interpretation of physical applications with heavy-tail distributions will also be simplified by utilizing the q-conjugate parameter. Leubner and Voros [18, 19] 
∈ using the qexponential and the q-product
Definition 5: Let 0 q > . The q-Fourier transform for the compact-support domain is defined as 
This relationship is derived in Example 9.
Example 8:
As an illustration of the q-Fourier transform applied to a general function, consider the transformation of the uniform distribution as a function of q. The uniform distribution is defined as
( 1 2 ) ( 1 2 ) sin [ (1 ) 
which is identical to (40), the result for heavy-tail q-Gaussians. Thus, the definition for the q-Fourier transform is shown to be consistent for the full range of q-Gaussian distributions, 2. q > − Definition 10:
For simplicity of expression, the conjugate transformation of the integrand in the domain 0 q > , is implied by specify q as the nonlinear parameter. Following the integration, the conjugate transformation is specified directly. In the original q-algebra notation the extended definition of the q-Fourier transform has the following form.
An important consequence of the extension of the q-FT to include the domain of compact is its implications for the qCentral Limit Theorem (q-CLT). This generalization of the Central Limit Theorem utilized the q-product and q-Fourier transform to prove that distributions coupled via the q-product converged in the limit to a q-Gaussian distribution. The q-CLT can now be extended to the compact-support domain.
V. DEFINITION OF THE CONJUGATE q-FOURIER TRANSFORM
The relationship between heavy-tail and compact-support qGaussians is suggestive of a conjugate q-Fourier transform, which will be closer in function to the actual Fourier transform.
In this alternative form, the q-Gaussian is transformed to a q -Gaussian which approximates the actual Fourier transform. An additional benefit is that all finite-mean q-Gaussian distributions have a finite-mean conjugate qFourier transform, in contrast to the q-FT which requires 1 q > − for the transformation to have 2 q > − .
A requirement for the transformation to result in a qGaussian is for the q parameter to be transformed to 2 q − prior to applying the q-FT.
The transformation between q and 2 q − is also a conjugate dual, but is related to the heavytail and compact-support 2-sided exponential distributions.
Definition 12:
The q-exponential conjugate dual is defined using (20) as 
( ; ) ( ( ; )) ( ; ) -
Definition 14 (The heavy-tail q FT
which is equivalent to (47). For 0 q > the solution has same form from Lemma 6. 
The properties of the solution graphed in Figure 4 are still relevant, but the 'compact-support' and 'heavy-tail' regions are swapped. Thus for 0 q > , the solution is now a -q-sinc function with damped oscillations; and for 0 q < the -q-sinc function has amplified oscillations.
Example 18: Likewise, the q ɶ -FT for a q-Gaussian is This transformation has two attractive properties a) all qGaussians in the range 2 0 q − < < have a well-defined conjugate q-Fourier transform and b) the fundamental property of the Fourier transform whereby 'wide' signals transform to a 'narrow' frequency domain with the Gaussian distribution as the symmetric invariant is preserved.
VI. THE RELATIONSHIP BETWEEN q AND NONLINEAR STATISTICAL COUPLING
The conjugate pair of q-parameters provides a key insight into the relationship between Tsallis Statistics and the coupling strength of nonlinear systems. This section will provide an interpretation of the applications discussed in [1] and other references, which shows that for applications with 'compactsupport' q-Gaussian distributions q is proportional to the nonlinear coupling, and that applications with 'heavy-tail' qGaussian distributions the conjugate q is proportional to the nonlinear coupling. Table 1 provides a synopsis of this interpretation. As a demonstration of the relationship between Tsallis statistics and nonlinear coupling, we will review an application of particular relevance to information systems, multiplicative noise.
Drawing upon the analysis by Anteneodo and Tsallis [23] , consider a stochastic process influenced by multiplicative and additive Gaussian white noise
, where β is the inverse temperature and H is the total energy. The applications examined here lead to a conjecture regarding nonlinear statistical coupling.
Whereas, the nonlinear coupling defined by q from the q-algebra expressions can be any real number, the nonlinear statistical coupling is constrained by the requirement of a finite-mean distribution for q α > − . Nevertheless, it is conjectured that the nonlinear statistical coupling strength is the positive real numbers for both the heavy-tail and compact-support regions. For the heavy-tail region the strength of the nonlinear statistical coupling is determined using the conjugate relationship. 
VII. CONCLUSION
In conclusion, q-statistics and its associated q-algebra has been simplified, aligned with the symmetry of the natural numbers, and associated more directly with nonlinear coupling. The translation ' 1 or 1 '= − − = which enables the simplification has provided new insights into the relationship between compact-support and heavy-tail qGaussians. The conjugate transformation 2 5 3 ' or ' 2 3 '
between these two domains provides a method for extending definitions and theorems in one domain to the other. Using this transformation, the definition for the q-Fourier transform has been extended to the compact-support domain:
In turn the expanded definition of the q-Fourier transform should enable the extension of the q-Central Limit Theorem to the compact-support domain. The conjugate relationship is also used to define an alternative definition for the q-Fourier Transform which provides a transformation between conjugate pairs of q-Gaussians. While this conjugate q-Fourier Transform requires an additional transformation related to conjugate q-exponentials, the resulting pair of functions is closer in form to the original Fourier transform, i.e. wide functions transform to narrow functions and vice-versa.
From a variety of different perspectives, the translated q parameter is shown to be directly proportional to nonlinear coupling. First, the translated definitions for the q-entropy sum of independent systems and the q-sum have nonlinear terms which are scaled by q. Second, the escort probability or coupled probability distribution is expressed in (8) to demonstrate a nonlinear coupling between the statistical states. Finally, the physical parameters for many nonextensive applications are shown to be proportional to q in the compactsupport domain or q in the heavy-tail domain.
By simplifying the relation to nonlinear analysis it is anticipated that the analytical tools of q-statistics will find wider utility in nonlinear information theory. Nonlinear dynamics affect information systems at the device level, where the details of quantum mechanics [25] are increasingly important, at the circuit-board level, where multiplicative noise [23] impacts signal transmission and detection, and at the system-level, where disperse correlations between system components [26] create nonlinear behavior. The analytical tools discussed here provide methods for the modeling and simulation of nonlinear statistical systems in a simple, intuitive form.
APPENDIX I THE TRANSLATED q-ALGEBRA EXPRESSIONS
Combinations of the q-exponential and q-logarithm function form the basis of the q-algebra. The q-exponential functions, 
The q-product expression is also simplified:
Original expression: 
The q-algebra provides a methodology for concise expression of the relationships between groups of q-exponents and q-logarithms. For this reason, the connection between qaddition and q-product is not direct: 3
Rather the q-addition of like q-exponents connects with raising of q-exponentials to a power:
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